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precision, partly in highly detailed mathematical calculations. The earliest treatise (No. 4) contains a complete nine-digit monochord4 of equal temperament with the octave ratio 10:5 for what appears to be a calculation of string lengths; for the lengths of pitch-pipes there are monochords based on the octave ratios 100:50 and 90:45, with four decimals, as well as tabulations of pipe diameters and circumferences on the base 100:50 with two decimals.
The next work (No. 6) completed eleven or twelve years later, contains an enormously detailed mathematical investigation of all conceivable parameters involved in the definition of pitches in equal temperament tuning, including string lengths and pitch-pipe dimensions, such as tube lengths, inner and outer diameters, circular surface areas, bore and volume of pipes through three octave ranges in 9-and 10-digit tabulations. There are even "slanted" (i.e. diagonal or hypothenuse-like) sections for all 36 pipes. Some of the computations are executed for a variety of measuring standards traditionally used in Chinese musical history, such as the numbers 9 and 81 as base units for the starting tone Huang Chung, the Chinese equivalent of C or Do. Other tabulations of the monochord values are calculated with the octave ratios 2:1 or 10:5.
Throughout the work Lu Lu Ching I the twelfth root of 2 is numerically implied as the quantitative definition of the semitone in equal temperament, but it is never stated explicitly as a mathematical expression.5 (Appendix No. 1 discusses the contents of this treatise in more detail.)
The last of the above three works (No. 3) contains the string (or pipe?) lengths for 36 pitches through three octaves with 22(!) decimals in equal temperament, besides giving pitch-pipe diameters for the lowest and middle of the three traditional Chinese octaves.
Thus, Chu's presentation of equal temperament for his nation's tone system is a careful, thorough and comprehensive one, based on solid mathematical and arithmetical knowledge. Although he refers frequently to previous, related achievements in the history of Chinese musical theory-some of them going allegedly back as far as the second century B.C.-there cannot be the slightest doubt that we are here confronted with original and independent findings of considerable theoretical importance. The Prince himself took great pride in his work, considered it as the most significant accomplishment of his scholarly career to date, and stated in the preface to the Lu Lu Ching I that he was publishing findings never known and reported before.
Controversy arises in this context because of an amazing coincidence in musical history. At roughly the same time as Chu completed his above three works, Simon Stevin (1548-1620), a distinguished Flemish mathematician and inventor, drafted-with no particular care or urgency-an essay containing the mathematical formulation of equal temperament as 1\/2for the first time in Western musical theory; he continued with the calculation of a monochord which defines the 12 semitone values, correct to four decimal places, as the 12 successive powers of the twelfth root of 2. He then sent the manuscript to a scholarly friend where it eventually got misplaced or forgotten. Obviously Stevin was not much interested in a publication of his findings because he did not attach too much significance to them. The essay remained forgotten, again apparently, because the recipient as well did not consider it as something of real scientific consequence. Thus, it took until 1884, when it was rediscovered and edited by de Haan, to be published for the first time (Stevin 1884).
This close coincidence has given rise to arguments in which the respective authors try to prove one or several of the following hypotheses: 1-that Prince Chu has unquestionable and unqualified priority of this "invention"; 2-that Stevin's formulation comes later than Chu's by anywhere from 1 year (1584-1585) to 24 years (1584-1608); 3-that Stevin's "duplication" in Holland was not an independent act of research or reasoning, but based on unspecified information reaching him from China via hypothetical messages or messengers;
4-that Stevin did not give credit to Chu and may therefore be guilty of plagiarism. (The fact that Stevin never made any attempt to publish his results remains conveniently ignored).
Depending on which side is being taken, the argument is sometimes colored by emotional components of Sinophilism or, on the other hand, by the desire to demonstrate a superiority of the Occidental scientific mind over that of the Far East. Such preoccupation with preset objectives may play all kinds of tricks on the authors involved, from negligence in determining the scientific and musical situations existing at that time on both continents, to "correcting" important time or other factors on which the establishment of a priority depends.
In Western literature Robinson's magnificent essay on sound (acoustics) in China makes an elaborate plea in favor of Prince Chu's unqualified priority. The important locus of this publication (Robinson 1962:126-228 ) and the great prestige that the author's reasoning derives from its incorporation in Sir Joseph Needham's monumental work has, in Western sinological and musicological circles, created a onesided impression of the priority question which is in need of a re-evaluation.6
Any investigation into the priority of an invention has to consider more than mere chronology. In particular, the question must be answered whether conflicting priority claims involve identical inventions. Furthermore, a responsible decision calls for a careful comparison between the different scientific and cultural environments in which the priority contestants worked and created; the respective "state of the art" in different environments could play a crucial role in our final judgement. Chronologically, there is no doubt that Prince Chu was the first to offer, in 1584, a nine-digit monochord of the 12 pitches of equal temperament. As we shall see in a moment, Stevin's monochord and the description of his calculation method came later. But Chu's 1584 presentation does not contain a mathematical or theoretical definition of the temperament; it is strictly a numerical or figuring exercise the procedure of which is only partly indicated by the Prince. Stevin's later presentation, however, defines the temperament as a series of mean proportionals between two extremes, calculates the semitone as the twelfth root of 2, and the 12 monochord pitches as the 12 consecutive powers of that twelfth root.
So far, all authors writing on Prince Chu's achievement, with the exception of Robinson, confess that they do not know how he calculated his nine-digit monochord. Appendix No. 1 presents a demonstration of the calculation procedures used by Chu in 1584 and in 1595/96, and a discussion of Robinson's interpretation of this topic; we shall then find that his information is partly correct in one direct quotation from Chu's 1584 treatise, and partly wrong as concerns an erroneous speculation.
The Stevin manuscript is said by several authors, among them Barbour (1951:76) , to date from 1595 or 1596, but without any evidence in support of this assumption. De Haan's edition, to the best of my knowledge at this time the only authoritative source, refrains from any dating proposition and does not even consider the time of the presumable completion of Stevin's treatise. The appendix A to de Haan's edition contains a letter to Stevin written by the organist Abraham Verheijen of Nijmegen, which is apparently part of a correspondence between the two men about the contents of Stevin's manuscript (Stevin 1884:87 ff). One gets the impression that Stevin wanted to hear the opinion of a practical, experienced musician, and that they were discussing the respective merits of meantone versus equal temperament, with Stevin advocating the latter tuning system. Unfortunately, this letter is undated and provides no information as to the time Verheijen studied the Stevin manuscript.
Other speculations about the presumable date of origin might include the following considerations. In his treatise Stevin refers to his work on arithmetics where he gives, in proposition No. 45, a method of calculating a number of mean proportionals between two given figures.7 He also defines the problem of equal temperament as the construction of eleven mean proportionals between the numbers 1 and 2 which represent the higher and lower octaves. The resulting formula 12/2, then, gives the size of an equally tempered semitone, and each interval between the lower octave and one of the 12 tempered semitones is represented by one of the 12 powers of that formula. Now, the arithmetical work was published in French in Leyden in 1585, and one must assume that the manuscript on temperament should have been written in 1585 or later. Another argument, however, has more merit. The formulation of a twelfth root of 2 did not present particular difficulties to mathematicians in Europe or in China at the end of the 16th century. In fact, the formula is quite simple once it is realized what the proportional quantities involved in the equal temperament problem actually are. Several European theorists writing before Stevin and Prince Chu had defined it as the construction of eleven mean proportionals between the numbers 1 and 2. The difficulty was in the arithmetic calculation of these proportionals, and specifically in the extraction of a twelfth root. How this was to be solved, Stevin had shown in his Arithmetique,9 and thus one could state with some justification that the arithmetical formulation of equal temperament and its method of calculation had been presented by Stevin in 1585. The day he actually calculated the monochord derived from his formulation-in 1585 or much later-does not seem to matter much; the method had been determined and the figuring task was no more than mechanics. On the basis of this reasoning we are inclined to allot to Stevin a partial and limited priority, not of the "invention," but of the arithmetical definition and of one corresponding method of calculation; we are also inclined to state the date of his solution as 1585. The date that should be credited to Prince Chu for the calculation of his first monochord was stated above as 1584.
Apart from the somewhat sterile search for priority dates and circumstances, we emphasize our conviction that unquestionably Stevin and Chu worked in complete independence from each other, without knowledge of the work done on the other side of the globe. They both produced original thought and results and have both claim to independently achieved solutions. For a full understanding of the question of "invention" (rather than arithmeti-cal definition and calculation methods), however, we must consider the circumstances existing in temperament theory and practice before and around 1580/1590 in Europe and China.
HISTORICAL DEVELOPMENTS
The history of temperaments reaches back into the second or even third centuries B.C., both in East Asia and in Europe. In its essence, tempering is a quantitative problem, and countless solutions have been offered by numerous theorists or musicians, many of them proposing workable and sometimes satisfactory approximations to certain "ideal" but irrational quantities. Since every temperament system is a compromise between conflicting aesthetical, traditional or practical postulates, there cannot exist any single "correct" or "definitive" mathematical solution, nor is there any absolute or final precision in quantitative results whose usefulness is determined by their practical applicability. Thus, Stevin's four-digit monochord is "less precise" than Chu's nine-digit calculation, but a fifty-digit tabulation, easily printed out by modern computers, would then be "much better" than the achievement of the great Chinese scholar. Any striving for useless or irrevelant precision becomes irrational.
Stevin presented both a geometrical and an arithmetical procedure for his monochord (Fokker 1966:442-49) , and he did not shrink from multi-digit calculations; in fact, he demonstrated his figuring method with examples of 23-and 46-digit figures. But in tabulating his final monochord for practical application he stopped at four digits and used such shortcuts as proportional calculations (rule-of-three) for some of the high-powered roots. Even so Stevin's maximum error stays below 0.5 cents per semitone, i.e. undetectable by the finest musical ears. In other words, he knew the limits of practical usefulness and did not waste time or effort on achieving greater precision than necessary for rational purposes. Clearly, he showed more insight into the psycho-acoustical and tuning circumstances of the problem than Chu with his nine-digit tabulations.
CHINA
The earliest Chinese source containing a modification or manipulation of the traditional "Pythagorean" figures is the Huai Nan Tzu, The Book of Liu An, Prince of Huai Nan, ca. 122 B.C. (see Appendix No. I and Table I, col. 1).10 The deviations from "Pythagorean" norm are caused by the fact that Huai's values are limited to two-digit numbers and that his starting tone Huang Chung equals 81 units. As a consequence the change of only one unit in a pitch number creates differences between 23 and 41 cents, depending on the interval size, and on whether or not the last digit has been raised one unit in rounding off results as compensation for a cut third digit. One gets the impression that this monochord was conceived as a practical guide for the manufacture, tuning and playing of stringed instruments where string length measurements of more than two digits made little sense. Since all of Huai's deviations shift the pitches from the sharp towards the flat side of intonation (e.g. from DO towards Eb), the net effect is one of consistent direction of pitch manipulation; if one is inclined to use a generous interpretation of the term, this monochord may be called an irregular tempering procedure.
Next in line comes Ching Fang, a diviner, mathematician, astronomer and acoustician of the Former Han Dynasty (202 B.C.-9 A.D.) who flourished around 45 B.C. He extended the traditional up-and-down principle from 12 to 60 steps of perfect fifths and fourths, creating a spiral of five arcs defining 60 microtonic intervals. Selecting the 12 pitches among the 60 which came closest to the quantities of an equal temperament then only dimly surmised, he achieved a creditable approximation to the theoretically correct values (see Table I , col. 2).
It seems that, so far, no Western or Chinese author has given Ching Fang the deserved credit for this achievement. Especially in China he has been severely criticized for supposedly attempting the senseless and impossible: to eliminate the ditonic comma by continuing the spiral of fifths to 60 steps. Did this ignorant man not realize that no power of 2 could ever be equal to any power of 3, his formula being, for the 60th step: (j)60 X 235? But our scholar had a different objective in mind: to reduce the comma and create, by approximation, an almost closed system of 12 not too unequal semitones (alternatingly 110 and 94 cents). In fact, at step no. 54 out of 60 he found that the comma had been reduced from 24 to 3.59 cents. He must therefore be credited with the invention of the 53-division of the octave which gained theoretical importance in Europe as late as the 17th century (Marin Mersenne, Athanasius Kircher.)l Moreover, Ching Fang was modern enough as a scientist to test his theoretical results by experiment. His measuring instrument chun, especially designed for the purpose, was actually more efficient than the chun used after his example 1600 years later by Prince Chu.12 Thus, any superiority feelings of Ching Fang's critics were out of place.
Ch There were at least two more scholars who made valuable contributions to the field of equal temperament: Ch'en Chung-ju, an acoustician who flourished around 516 A.D., and Wang P'o, a famous Taoist scientist and engineer (fl. 959). It is not absolutely certain, but highly probable, that Prince Chu knew the work of all these predecessors when he began his studies. Furthermore, he may have known other works which have been lost since the turn of the 16th century. Considering all these earlier developments, it is impossible to credit Chu with the "invention" or "discovery" of equal temperament. The problem as such had been known in Chinese musical theory for 1700 years before Chu, and a substantial number of fair or good approximations, by a variety of methods, had been offered up to the 10th century A.D. Then, apparently, interest in the problem died down because developments in the nation's musical practice did not require good temperament solutions. When the Prince took up his studies, he was apparently working in a vacuum of 600 years which made it possible for him to claim a great innovation. Just as Stevin in Europe, Prince Chu was the Errechner (calculator) of this temperament, not the inventor.
EUROPE
In Western antiquity, Aristoxenos (4th century B.C.) may have given the first precise definition of equal temperament: he offered values representing certain seemingly equal parts or divisions of the octave, but it is unclear what these "parts" actually are. The case is quite controversial, but one particular interpretation leads to the conclusion that equal temperament is actually defined in these numbers. Barbour, among others, refuses to accept this interpretation and points out that several other interpretations are just as possible (Barbour 1951 The use of the mesolabium, a mechanical tool, for the construction of mean proportionals was well known during the Renaissance, and probably much earlier. A controversy in the 16th century as to whether the mesolabium could be used for constructing more than one mean proportional was settled by Stevin himself who, in his Spiegeling der Singconst, demonstrated how various mean proportionals can be achieved with the mesolabium technique or with a related geometrical method14 (Fokker 1966:442-43) .
Other Renaissance studies greatly advanced the knowledge of tempering. In 1523 Pietro Aron's Toscanello in Musica had appeared, with a detailed description of his ?4-comma meantone temperament. Before him Franchinus Gafurius, in Practica Musica (1496) reported how organists tuned their fifths by a small, indefinite amount too low, naming that procedure "participata,"
i.e., temperament (Barbour 1951:25) . Zarlino, in 1571, called meantone tuning "a new temperament," thereby demonstrating that other types of temperament had existed earlier. And since Gafurius described the organists' tuning practice not as a new fashion, but as a current custom, the conclusion is that a temperament based on slightly lowered fifths must have existed in Europe decades earlier than 1496. This may easily have been equal temperament (with its fifths lowered by 2 cents), an assumption well supported by a number of paintings of Ercole de Roberti (1450-1496) in the National Gallery in London. In these pictures the frets of lutes and viols are apparently placed at equal temperament distances; a number of other, especially Flemish, paintings created between 1492 and 1533 also show fretted string instruments with the same temperament distances (Barbour 1951:12) . From this and other evidence, including high-ranking irregular systems that approach equal temperament, Barbour concludes:
It is easy to believe, therefore, that organs were tuned as well in 1500 as they are generally today (1951:25).
Finally, the best approximation in European temperament theory was proposed in 1581 by Vincenzo Galilei who introduced the ratio 18:17 for the tempered semitone; this equals 99 cents, 1 percent short of the theoretically correct value and still below the threshold of pitch discrimination. This ratio antedated, by several years, the solutions of Stevin and Chu, and although it was only a numerical approximation, it certainly qualifies as an appropriate quantitative definition of equal temperament. Since we may, thus, be sure that in Europe this temperament, or close approximations to it, were widely used a hundred years before Chu and Stevin, we must conclude without prejudice that neither of them can be credited with a priority of invention or discovery.
The reasons for Robinson's misjudgement of the priority question become evident in the following somewhat perplexing statements: Lack of information about European temperament developments, regrettably, is as common as it is distressing among authors, both east and west. Barbour's historical survey of 1951 (11 years before publication of the Robinson essay) contains more than 150 different tunings and temperaments representing dozens of approaches and systems. Among these are nearly 40 solutions and propositions for equal temperament besides those of Prince Chu and Stevin, with quite a few of them antedating these two scholars. The volume also offers a bibliography of close to 220 titles dealing with the topic, a majority of them concerning the European history of equal temperament. But even before Barbour's convenient and comprehensive work most of these titles were easily accessible.
Without this background information Robinson's view of Western developments had to remain inadequate and misleading. In particular, he could not have seen that both Stevin's and Chu's achievements were completely useless to musical practice in Europe as well as in China: in the West the system had been known and used long before Stevin, and Chinese music had developed in directions where temperaments were superfluous. Furthermore, in the West musicians were uninterested in monochords or a twelfth root of 2; they tuned their instruments by observing and counting beats. It would have to be an unusually scholarly and historically interested keyboard tuner who ever saw a "monochord," both the measuring device or the tabulations of 12 string lengths and similar pitch definitions. Here we have, in all probability, the reason why Stevin never undertook to publish his essay. The essence of all equal-temperament solutions is thus, briefly, the elimination of the comma while creating, at the same time, 12 semitones of equal size. This procedure is very simple when using modern logarithmic methods and measuring units, such as Ellis cents: 1,200 cents for the perfect octave, 702 cents for the perfect fifth, 498 cents for the perfect fourth, 100 cents for each equally tempered semitone, 700 and 500 cents, respectively, for the equally tempered fifth and fourth. All that has to be done in this kind of calculation procedure is to reduce (i.e. temper) each fifth by the microinterval of 2 cents, from 702 to 700 cents, and by increasing the size of the fourths from 498 to 500 cents.
Before the invention of logarithms16 and interval calculation in cents (by Alexander John Ellis in 1884-85) such procedures were very difficult and extremely time-consuming, producing many crude or, occasionally, refined approximations to the as yet unknown precise values of equal temperament or other tempering systems, and using a variety of mechanical, geometric or arithmetic methods.
In both his 1584 and 1595/96 works (nos. 4 and 6) Chu ascribes the invention of a most ingenious and efficient approximation to equal temperament especially to Huai Nan Tzu, The Book of Liu An, Prince of Huai Nan (c. 122 B.C.),10 and to the Chin Shu17 and Sung Shu.18 Realizing that in the old up-and-down principle the comma was caused by slightly too large fifths and slightly too small fourths, Chu adjusted both intervals by small amounts through all 12 steps of the operation. Instead of using the original ratios 2:3 (= 5) and 4:3 (= 19), he introduced the fractions 500 1000 749 749' thus tempering the fifths and fourths by a small quantity. This adjustment equals 2.31 cents, amazingly close to the 2 cents of theoretically precise equal temperament: the fifths are 699.69 cents wide instead of 700 cents, the fourths 500.31 cents, instead of 500 cents! (For the complete monochord see Before proceeding, we must state with all possible emphasis that Huai was not the originator of this 749-temperament. There is no mention or even implication of the 749-method in the Huai Nan Tzu. Furthermore, the limitation of Huai's numbers to two digits (see Table I Prince Chu certainly knew of this monochord because any Ming scholar involved in work on the nation's tone system had to study the various dynastic histories for reports on the topic. Thus, he must have discovered very soon what the divisor 749, when consistently applied to a complete monochord, would do to a circle of fifths and fourths. Why he decided to credit the origins of his own tempering method to the Huai Nan Tzu with which it had nothing to do, is a matter of speculation. We believe that Chu wanted to cover himself against a possible charge by ardent traditionalists that he advocated a tuning system at odds with a tradition of 17 centuries. Attribution to such time-honored and highly respected sources as Huai Nan Tzu (and, possibly, the Chin Shu) provided a safety valve he may have felt he needed, as he would experience a few years later when his treatise on calendrical reforms was rejected on traditionalist grounds: the official government specialists on musical acoustics and theory were just as conservative as the imperial astronomers and calendar experts.
Actually, the superimposition of the 749-method on the Huai Nan Tzu figures was an amazingly clever scheme of Prince Chu to render his attribution fully convincing; the limitation of Huai's monochord to two digits made a discovery of the deception practically impossible. Furthermore, the Prince designed a highly sophisticated figuring procedure involving quasi-mystical tricks of number theory which must have endeared the sequence below to all Huai Nan Tzu admirers; for Huai was the most famous of all Han Dynasty Taoists It is hardly necessary to repeat that no mention or trace of this whole procedure occurs in the Huai Nan Tzu. Obviously, Chu picked up the 749-divisor in its solitary occurrence in the Chin Shu, investigated its numerical potential and found that it reduced the size of a perfect fifth by very nearly the correct amount needed for an almost closed scale system of tempered fifths and fourths. While playing around with the numbers 81 and 749, he apparently discovered the quotient-remainder coincidences and decided upon his historical mystification: to implant the whole scheme on Huai's monochord where it could not be detected. Table I , col. 5, shows the excellent approximation of a monochord calculated with the unrefined divisor 749, as wrongly attributed by Chu to Huai. When Chu found out how close he had come even with the integer number 749, his ambition was triggered and he set out for additional decimals. Table I And, significantly, these four calculations are based on pipe lengths of two feet and one foot, i.e., the octave ratio 2:1 which may involve the twelfth or twenty-fourth root of 2. Yet, even these specific examples do not offer any proof that Prince Chu operated here knowingly or intentionally with the twelfth root of 2, or that he ever extracted that root in order to use it for his calculations. The fact is clearly that all the various divisors applied by Chu could be, and were, established by the much simpler and equally precise 749-method which made the tedious root extraction unnecessary. On the other hand, there is no conclusive evidence that Chu never extracted a nine-digit twelfth root of 2. Judging the facts without prejudice either way, one would have to state that Chu may possibly have established and knowingly used that root, but it is very unlikely. The many formulae and definitions given in Appendix II seem to be closely related to the expression 11\2-; but they display that relationship only because the construction of each 12-semitone monochord involves twelve consecutive divisions by the same number, a procedure which is, naturally, defined by some twelfth root.
The question as to why Chu never gave an explicit explanation of his calculation methods, cannot be answered by the assumption that he wanted to conceal or, at least, obscure them. It will be recalled, e.g., that he actually volunteered some pertinent information: "divide by the number for Ying Chung (B) in order to create a chromatic monochord." The answer is rather to be found in some fundamental differences between Western and Chinese scientific approaches and objectives. European science started quite early to develop theoretical bases for procedures, while Chinese scholars were mainly interested in practical solutions gained by empirical approaches. In this way Chinese sciences excelled in many important inventions and achievements which the theoretically inclined Occident did not produce until much later. This is true for the field of mathematics as well, and Needham has very convincingly described the differences between Chinese and Western mathematical methods:
... Chinese mathematicians never spontaneously invented any symbolic way of writing formulae, and until the time of the coming of the Jesuits, mathematical statements were mainly written out in characters. Strangely, in a people who carried algebra so far, the equational form remained implicit, and there was no indigenous development of an equality sign (=). How far the widespread use of the counting-board and abacus acted as an inhibiting factor is a moot point; they certainly allowed calculations to vanish without trace, leaving no record of the intermediate stages by which the answer was reached (Italics added) (Needham 1959:152) .
The Western scientific mind is justifiably proud of Stevin's theoretical definition of equal temperament: eleven mean proportionals between the numbers 1 and 2, and the twelfth root of 2 for the size of the tempered semitone. But it comes as a surprise or even a shock to us that the Chinese mind achieved the same results and a good deal more without the benefit of theoretical definitions and without the tedium of extracting a twelfth root, by the ingenious device of consecutive divisions. Moreover, Chu's solutions offer a variety of traditional octave ratios beyond the limited and exclusive Western ratio 2:1. From a practical point of view the strictly empirical Chinese solution must be termed superior, both for its efficiency and its simplicity. Furthermore, the introduction of the many different divisors by Chu revealed a variety of hidden relationships between the individual tempered semitone pitches-correlations that were undiscovered in Western musical theory up to this day.
There are two questions on Prince Chu's calculation methods which remain unanswered, thus inviting speculation: the first concerns the six additional decimals he added for greater precision to the original divisor 749; the second is whether and how Chu could have extracted a twelfth root of 2 if he had really wanted to do so.
For the determination of the six decimals a simple application of "brute force" with successive guesses would produce a serviceable solution, with each guess being the average of the two previous guesses. In all, 36 steps at 12 operations each, = 432 operations, are needed to establish six correct decimals. For a Chinese mathematician skilled in the daily use of the swift-working abacus this procedure does not seem to be cause for real terror, and it may well be that this was the method used by Prince Chu. If we consider that the aristocratic and financial standing of the Prince would have permitted him to employ educated clerks or assistants who may have performed such mechanical tasks for him, the use of this primitive method becomes even more probable.
A more sophisticated procedure would be "linear interpolation." It also entails approximation by successive guesses, each guess being the weighted average of the two previous guesses; one assumes that the function in question is linear and calculates an approximate value for the desired decimal, using the equation for a straight line. From Chu's published works it is evident that he was an accomplished arithmetician; although Chinese mathematical practice did not work with equations the way Western tradition does, it is conceivable that the Prince may have used some sort of linear interpolation or a comparable technique.
If we wish to assume that Chu actually wanted to extract the twelfth root of 2, he could have done it with techniques known in Chinese mathematical science of his time. In Western mathematics "Horner's Method" of 1819, also known as "synthetic division," offers an efficient procedure for the successive extraction of square and cubic roots. We have here a "circular" procedure using the up-and-down principle from Lu to Lu and multiplying alternatingly by X (500) and 2 X (1.000) in the successive powers of X. The principle is twice interrupted at steps 7 and 12 when doubling (i.e. octave transposition) of X is required. Algebraically the method is defined as follows:
Since 1280 X12 = 10, X= 12V28 = 500.000. The chapter opens with a drawing demonstrating the outer and inner diameters of 36 pitch-pipes through three octaves, from C through C1, C2 and on to B2. The three octave ranges are, of course, double Lu, single Lii and half Lii. It turns out that, in Chu's computation, the inner diameter of each individual semitone equals the outer diameter of the same semitone in the next higher octave range. Thus, the pipe C2 fits telescopically into C1; C1 into C; Ct2 fits into C,l ; Cil into CO, etc. This is a very neat and aesthetically pleasing solution, but it is acoustically senseless; the intended pitch correction by decreasing diameters follows quite different acoustical laws.
(p. 32 a.)
The first of the pitch-pipe calculations sets out with a tube length of 2 feet and proceeds in semitonic order to the higher octave which equals 1 foot in length.
C = 2 [feet]
C= 2 X 1.000.000.000 = 2X One cannot help reflecting on the discrepancy between the accuracy of X and a, which are given to 16 or 18 decimals, and the inaccurate value used for 1r in the same calculation. The final pages discuss the technology of making pipes, and Chu actually recommends a certain type of bamboo (sic!) from the Chin Men mountain. This is followed by advice as to how the pipes should be played (i.e., intoned), and how a comparison between the "old and new methods" can be made by testing their sounds (i.e., pitches). The section ends with a reflection on the qualities of musical sounds, quoting liberally from historical sources.3 1 Concerning the calculations in Chapters 2 and 3 which deal with the circular dimensions of the pitch-pipes (outer and inner diameters, circumferences, surface areas and total volumes), the following should be stated. Reaching back into the early centuries of our era, a lively argument went on between the theorists of the Lu as to whether the lengths of the pipes could, or could not, be rigidly set by the principle of the 2/3 division. One faction held that the inner diameters of the pipes must be reduced from one semitone to the next, or else, that the pipe lengths must be slightly modified from semitone to semitone, in deviation from a strict 2/3 division, if the inner diameters are not increasingly reduced throughout the whole set. The other side advocated precise adherence to the 2/3 division without adjustment of inner diameters. From the theoretical viewpoint of pipe acoustics obviously the first argument was right, the second wrong. And in so far as Prince Chu reasoned correctly in his search for a formula which should guide the modification of all circular dimensions of the pitch-pipes. This is apparently what Robinson (1962: The difference between these two has to be divided by some value near 12 in order to approximate the diameter adjustment from pipe to pipe in that octave range. This amounts to roughly 3/10 of a millimeter or close to 1/100 of one inch. There was, of course, no technology available in the China of 1595/96 to machine the bore of 36 metal tubes precisely to such narrow tolerances, nor did the Chinese have machine tools for manufacturing drills to such stringent specifications. Moreover, precision pitch-pipes during the Ming period were made of jade, an extremely hard and brittle material which would have broken in the attempt to cut and drill tubes of these dimensions.
It follows that Prince Chu could not have made a set of 36 pitch-pipes to fit his own numerical specifications and to test their acoustical properties. That leaves most of his calculations in chapters 2 and 3 in the area of theoretical speculation, apart from the misinterpretation of pipe acoustics in general.
A second, equally serious objection concerns the unreliability of pipe intonation. Embouchure, lip pressure at the blowhole, air pressure, angle of pipe position against the player's mouth can change intonation and pitch easily up to a full semitone, a fact of which every woodwind player in a modern symphony orchestra is aware. These conditions are severely aggravated when dealing with primitive pipe shapes, and when the lengths of the sonant tubes are as small as in the case of Chu's propositions.
As early as c. 45 B.C. did the Chinese diviner and acoustician Ching Fang realize that pipes are unsuitable for precise acoustical measurements and that one has to use strings in order to arrive at accurate results.12 In modern times Bukofzer demonstrated the same fact when he used mechanicalpneumatic means to incite pitch-pipes and failed to achieve results reliable enough to support von Hornbostel's Blasquintentheorie. As a consequence many ethnomusicologists believe this theory to have been disproved by Bukofzer's experimental series (Bukofzer 1936) .
All these considerations force us to conclude that Prince Chu's calculations for pitch-pipes tuned to equal temperament are worthless, in spite of the enormous effort and ingenuity evident in the respective two chapters: 1-the acoustical premises underlying his formulas are wrong; 2-the mathematical approach is inadequate for precision results in various instances because of the inaccurate value used for rr; 3-experimental proof for his theoretical findings is impossible due to the non-existence of a technology that could meet exorbitant tolerance requirements; 4-his whole concept of the problem was unworkable: to design primitive and unreliable instruments for the production of highly precise pitches, as are required for the minute deviations from "pure" intonation which form the essence of equal temperament. This translation must be rejected as a severely distorting misinterpretation. The term "extract" (which applies specifically to root-extracting operations) should have been given as "calculate." The four words in brackets ["square and cube root"] are not contained in the original and represent an arbitrary interpolation; they create the wrong impression that here the square and cube root extractions are being referred to as they would occur typically in equal temperament calculations based on the twelfth root of 2. Furthermore, the words "proportions" and "operations" do not occur in the text; the original speaks only of subtractions and divisions. If we remove these liberties from the translation, nothing remains to establish a connection to rootextracting operations.
What this quotation actually refers to is the sequence of ordinary divisions which make up the complete 749-procedure described above in Appendix I.
By now sufficient evidence has been examined to determine what precisely had been achieved by Chu in both of his treatises. The 1584 work aimed at, and solved, the elimination of the ditonic comma by applying a reduced size of fifth and fourth, i.e., by tempering. This solution did away with the spiral effect of the traditional tone system and produced a closed circular or chromatic system with a perfect octave. That these monochords created, as a by-product, 12 equally-sized semitones, i.e., equal temperament, was an unexpected coincidence. It is highly unlikely that the Prince was aware of that important by-product; in fact, all evidence speaks against it, especially because the procedure of repeated manipulation by the 749-divisor does not suggest and facilitate the discovery of that hidden result.
By the time the Lu Lu Ching I was completed eleven years later, Chu had thoroughly investigated his earlier monochords, discovered four additional divisors and various hidden relationships between the individual semitones. We can thus be sure that in 1595/96 Chu knew he was dealing with equally-sized intervals, hence with equal temperament, irrespective of the fact whether by then he may have discovered the possible role of the twelfth root of 2.
In the preface of the second work Chu makes another claim that he has discovered a new system never described anywhere before. If he had really "discovered" equal temperament already in 1584, it would be impossible to explain what this second discovery was. Whether the Prince realized that the pitch numbers of his monochords represented eleven mean proportionals between the extremes of the octave ratios, is both uncertain and irrelevant because that would be just one form of possible mathematical definition. But there is little doubt that by 1595 he had recognized the equal-size aspect of his semitones.
By forcing the issue of the "second discovery" it would be possible to argue that Chu's system of equal-temperament calculation was not completed until 1595/96, thus invalidating the priority date of 1584. Under no circumstances would we support this kind of argument, because the 1584 monochords offered perfect and complete equal-temperament figures. Whether or not the Prince immediately recognized all or only part of the qualities of his results, is immaterial: the date of an invention or discovery does not depend on how much insight the originator had into all its properties or consequences at a given time. It seems pointless to attempt a qualitative evaluation of the two solutions with a view to label one or the other as superior. Both authors proceeded within the framework of their own cultural traditions and created perfect solutions consistent with their different scientific surroundings. Neither Chu nor Stevin can be recognized as "inventors" of equal temperament, for the following reasons. In China the problem of such tempered tuning had been known for as many centuries as in Europe. Stevin's definition and calculation was not needed in Europe where practical tunings with satisfactory approximations to good tempering had been known and used for almost a hundred years before his work. In Chinese musical practice equal temperament was neither needed nor desired before or after Chu's publications, thus unfortunately making his achievement irrelevant for his nation.
Both solutions were computing procedures, with the computing priority going to Prince Chu. Furthermore, they were algebraic or arithmetic procedures more related to applied mathematics than to musical acoustics. This invalidates the opinion that Chu's contribution was "the crowning achievement of China's two millennia of acoustical experiment and research." It has not been the aim of the present paper to question or belittle Prince Chu's work, but rather to adjust exaggerated claims made in his behalf by other authors to a more realistic appraisal of this great scholar's theoretical work. He has amply deserved a place of honor in the history of musical temperament and his position remains strong in spite of some of the reasoning in these pages. It is our hope that his solution will soon become widely known as "Prince Chu's 749-Temperament."
One important task remains for Western and Chinese musicology alike. The removal of the aura of glamour or sensation from Prince Chu's temperament contribution must now lead to a full recognition of his writings on musical history which have been inexcusably neglected and underrated, overshadowed, as they were, by the undue emphasis on the Lu Hsueh Hsin Shuo and the Lu Lu Ching I. It is our conviction that many of the titles listed above will establish Chu Tsai-yu eventually as one of the greatest historians of his nation's music. 
